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We introduce generalized Campanato spaces Cp^^j, on a probability 
space (fi, J^, P), where p € [l,oo) and cp '■ (0,1] — >■ (0, oo). If p = 1 
and (j) = 1, then >Cp^^ = BMO. We give a characterization of the set 



of all pointwise multipliers on Cp 
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1 Introduction 



We consider a probability space (fi, J^, P) such that J-" = o"(IJn-^")' where 
{^n}n>o is a nondecreasing sequence of sub- a- algebras of J-". For the sake of 
S^ I simplicity, let J-'_i = J-q. We suppose that every a-algebra J-'„ is generated 

d ', by countable atoms, where 5 G J-'„ is called an atom (more precisely a 

(J'n, P)-atom), if any Ac B with A G J"™ satisfies P{A) = P{B) or P{A) = 
0. Denote by A{J^n) the set of all atoms in J-'„. The expectation operator 
and the conditional expectation operators relative to J-'„ are denoted by E 
and En, respectively. 

Let A' be a normed space of J-'-measurable functions. We say that an 
J-"- measurable function g is a pointwise multiplier on A", if the pointwise 
multiplication fg is in X for any / G A*. We denote by PWM(A') the set of 
all pointwise multipliers on ^Y. If Af is a Banach space and has the following 
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property, then every g G PWM(A') is a bounded operator on X. 

(1.1) /„ -^ / in Af (ra ^ oo) =^ 3{n(j)} s.t. /„(j) -^ / a.s. (j ^ oo). 

Actually, from (11. ip we see that g is a. closed operator. Therefore, g is a. 
bounded operator by the closed graph theorem. 

It is known that PWM(Lp) = L^ for p G (0, oo]. More generally, if X 
is a (quasi) Banach function space, then PWM(A') = L^ (see [H!!]). For 
Banach function spaces, see Kikuchi [2]. 

In this paper we consider the pointwise multipliers on generalized Cam- 
panato spaces which are not Banach function spaces in general. We always 
assume that J-q = {0,^2}, that is, the operator Eq coincides with E. Then 
we introduce generalized Campanato spaces Cp^^ and C^ ^ as the following: 

Definition 1.1. Let p G [1, oo) and be a function from (0, 1] to (0, oo). 
For / G Li, let 

(1.2) ||/||z:„,=sup sup .^^^(-±^^j\f-EJ\^dp] \ 

n>OBeA{F^)(l>{P{B)) \P{B) Jb J 

and 

(1-3) \\f\\c\ = \\f\K, + \Ef\- 

Define 

^P,<^ = {/G^i:||/||/:„, <oo} and ^^ = {/ G L^ : ||/||^,^^ < oo}. 

If (j){r) = r'^, A G (— oo, oo), we simply denote Cp^^ and C , by Cp^x and 
Cp^^ respectively, which introduced by [9j. 

Note that Cp^^f, and C^ , are coincide as sets of measurable functions. We 
regard £p,<^ = {Cp^^, \\ ■ \\cj,J is a seminormed space and £^ ,^ = (£^ ,^, || ■ ||^i ) 
is a normed space. Then £p - is a Banach space, but it is not a Banach 
function space in general. It is easy to see that Cz^, has the property (II. ip . 
since 

ll/IU, <E[\f- Ef\] + \Ef\ < max(l, 0(1))||/||^. . 

p,4> 

For g G PWM(£j_^), let 

WfgWc^ 



|^||op = sup— — ^^. 

p.lp 



We also define BMO and Lip^ as the following: 



Definition 1.2. For (/>=!, denote £1,^ and C\^^ by BMO and BMO\ 
respectively. For 0(r) = r", a > 0, denote £1,,/, and C\^^ by Lip„ and Lip^^, 
respectively. 

Let 

^1,0 = {feL,:Ef = 0}. 

Then BMOflLi^o = BMO^nLi,o and Lip^nLi,o = Lip^nLi,o. These spaces 
coincide with BMO and Lip^ defined by Weisz [12], respectively, under the 
assumption that every a-algebra J-'„ is generated by countable atoms, see 
[9] for details. 

We say {J^n}n>o is regular if there exists R> 2 such that 

(1-4) fn < Rfn-i for all non-negative martingale / = (/„)„>o. 

A function 6 : (0, 1] — )■ (0, 00) is said to satisfy the doubling condition if 
there exists a constant C > such that 

1 9(r) 1 r 

^<il<C for r...(0.1].^<-<2. 

A function 9 : (0, 1] — )■ (0, 00) is said to be almost increasing (almost de- 
creasing) if there exists a constant C > such that 

e{r) < Ce{s) {e{r) > Ce{s)) for < r < s < 1. 

Our main result is the following: 

Theorem 1.1. Let {J^n}n>o be regular, J-q = {0,^2}, p G [l,C)o) and cj) : 
(0, 1] — )■ (0, 00). Assume that satisfies the doubling condition and that 



(1.5) / (p{ty dt < Cr(f){ry for all r G (0, 1]. 
Jo 

Let 

(1.6) 04r) = l + y" ^dt. 
Then 

Moreover, for g G PWM(£j,_^), ||5f||op is equivalent to \\g\\c^^^^^^ + Hs'lUo 

3 



See [H, [6l [TOl [TT] for pointwise multipliers on BMO and Campanato 
spaces defined on the Euclidean space. Our basic idea comes from [H [TO] . 

Remark 1.1. (i) If satisfies the doubling condition and (II. 5p . then r(j){ry 
is almost increasing. 

(ii) If (j) is almost increasing, then 0/0* is also. 

(iii) Let 

1 /• \ Vp 



(1.7) ||/|U_ ^ =up^sup ^j^^ ^—J^ 1/ - ^„/r.P 

Then ll/ll^^^ < ||/||£p^^ by the definition. If is almost increasing, then 
ll/ll^^^ and ll/IUp^;^ are equivalent. Actually, for any A G J-'„, there exists 
a sequence of atoms Be G A{J^n), ^ = 1,2, ■ ■ ■ , such that A = UeBi and 
P{A) = EiP{Bi). Then 



f \f-EJ\^dP = Y,l \f-EjrdP 

J A J B, 



I, -J ai 



<5]0(p(i?,)rp(i?,)ii/r^^ 



v.<t> 



This shows H/IUp,^,^ < C\\f\\cj,^^- If is not almost increasing, then ||/||£ 
is not equivalent to ||/||£p^^ in general, see [9]. The norm fll.7p was intro- 
duced by for general {J-'„}„>o- 

By Theorem 11.11 we have the next two corollaries immediately: 

Corollary 1.2. Let {J^ri}n>o be regular and J-q = {0,^2}. Then 

PWM(BMO^) = £i,^ n Loo, 

where ^(r) = l/log(e/r). Moreover, for g G PWM(BMO^), HsfHop is equiv- 
alent to \\q\\r, , + llgllr . 

Corollary 1.3. Let {J^n}n>o be regular, J-'q = {0, fi} and a > 0. Then 

PWM(Lipi) = Lip,nL„o. 

Moreover, for g G PWM(Lip^), ||5'||op is equivalent to \\g\\up^ + IIS'lUoo- 



Example 1.1. Let {J-'n}n>o, P and (j) satisfy the assumption in Theoreni ll.il 
For a sequence 

BqD BiD ■■■D BnD ■■■ , BnE A(j;), 

let 



^ <P{P{Bn)) fP{B„-l, 



(1.8) g = su.h, where /^ = 1. ^;^^,^^ ^^,(^X.„ - X.„_. 

Then h is in C-p^^/^^ , see Lemma 12.41 and Remarks 12.11 Hence g G Cp^^/^^ fl 
Loo, since sin 6' is Lipschitz continuous, see Remark 12.31 That is, g G 

PWM(£jj. 110 = l,then0(r)/0,(r) = l/log(e/r) and^ G PWM(BMO^). 

Next, for a martingale (/„)„>o relative to {J-'„}„>o, it is said to be Cp^\- 
bounded if /„ G Cp^\ {n > 0) and sup^>o ll/rill-c \ < ^^- Similarly, the 
martingale {fn)n>o is said to be C ;i^-bounded if /n G £p ;^ (n > 0) and 

SUP„>0 ll/nll^h < OO. 

Let 

^pAJ^n) = {/ G Li : / is j:„-measurable and WfWcp,^, < oo} 

and 

^Isi^n) = {/ e Li : / is J'^-measurable and ||/|Li < oo}. 

Then we have the following: 

Theorem 1.4. Let {J^n}n>o be regular, J-'o = {0,^2}, p G [l,C)o) and cj) : 
(0,1] — )■ (0, oo). Assume that satisfies the doubling condition and (II. 5p . 
Let g E Li and {gn)n>o be its corresponding martingale with gn = Eng 
(n > 0). Ifge FWM{Cl^), then g^ G PWM(4_^(j:„)). ConT;erse/?/, ^/ 
(7„ G PWM(£j/J-„,)) anc? sup„>o ||(7„,||op < oo, then g G PWM(£j^^). 

We show several lemmas in Section [2] to prove Theorem II. II in Section [3l 
We prove Theorem 11.41 in Section HI 

At the end of this section, we make some conventions. Throughout this 
paper, we always use C to denote a positive constant that is independent of 
the main parameters involved but whose value may differ from line to line. 
Constants with subscripts, such as Cp, is dependent on the subscripts. If 
/ < Cg, we then write f < g oi g > f; and if / < fi- < /, we then write 
f ^ 9- 



2 Lemmas 



To prove Theorem 11.11 we show several lemmas in this section. The first 
lemma was proved in ^. 

Lemma 2.1 ((Qj Lemma 3.3]). Let {J^n}n>o be regular. Then every sequence 



5o D 5i D • ■ ■ D 5„ D 



has the following property; for each n > 1, 



B„ e A{J^n) 



Bn = Bn-l or [1 + ^] P{Bn) < P(5,-l) < RP{Bn), 



where R is the constant in i\lA\i . 

For a function / G Li and an atom B G A{J^n), let 



/ 



B 



fdP. 



P{B) JB 

For a function : (0, 1] — )■ (0, oo), let 0* be defined by ( 11. 6p . If satisfies 
the doubling condition, then 0(r) < C0*(r) for all r G (0, 1]. 

Lemma 2.2. Let {-F„}„>o be regular, J^q = {0,i7}, p G [l,oo) and : 
(0,1] — 7- (0, oo). Assume that satisfies the doubling condition. For f G 
Cl^ andBeUn>oA{J^^), 



(2.1) 



|/b|<C0.(P(5))||/|L, . 



"p.^ 



Proof. By Lemma [2. H we can choose 5^, G A(J-fc,), = /eq < ^i < ' ' ' < 
^m < ^^5 such that Pfco D -B^i D -Bfe2 3 ■ • • D i?fc,„ = B and that (1 + 
1/P)P(5..) < P(Pfc,_J < PP(Pfc,). Then, we have 



J Bu . J Bh. . 



PiBkJ JB. 



fiu)dP 



PiBk.^J JB, 



f{co)dP 



7-1 



< 



^/ if - E,^_J]{uj) dP 

kj ) J Bk. 



i/p 



Since satisfies the doubling condition, 

m 
IIb- IboI < 2^ l/Sfe^, - fBk^_^ I 

m 



'-p,<t> 



^j:l T'^ .-. 






Wt II J ||£fl 

P(B) t P,-t> 

= {UP{B))-l}\\f\\^, 

p,4> 

On the other hand, 

I/boI = \Ef\ < 11/11^. . 

Therefore, we have fl2.ip . D 

Lemma 2.3. Let 7q = {0,11}, p G [l,oo) anc? : (0,1] -^ (0, cx)). As- 
sume that r(j){rY is almost increasing. For any atom B G U„>oA(-7>,,), the 
characteristic function xb is in C , and there exists a positive constant C , 
independent of B, such that 

Proof. Let B e A(J'„) and B' e A{J^k)- Let Bj e A{J^j), < j < n, such 
that BqD BiD ■■■ D Bn = B. 

li k > n, then xb — E^xb = and 

\XB-EkXB\'dP = Q. 

B' 

li k <n and B' ^ Bk, then B' n Bk = ^ and 

\Xb - EkXBl" dP = 0. 

B' 



Hence, we have 



1 / 1 /■ \ i/p 



k<n 



XslU^.,, = sup ———---——- / \xB-EkXB\^dP 



0(P(i?fe)) \P{Bk) Jb, 



For k < n, since r(l){rY is almost increasing, 



0(P(5fc))pP(i?,)7« 



^(^n) ( 1 - StrV + (^(^^0 - ^(^n)) ^^^^ 



<p{p{Bu)YP{Bk) \ ' "^ V ^(^fc); "^^v^(5, 



5fe 



^ .,„,o L„,. . |m.)fi-g#4rH-(m)-p(B„))^^'^-"^ 



0(p(p„))pp(p„) I ^ "^v n^fc); "^^v^(5, 



< 



1 1 



- 0(P(P„))P 0(i^(i?))^' 
Therefore, we have 

1 



(2-3) IIXslUp,^ 



< 



0(P(P))- 

On the other hand, since r(j){rY is almost increasing, 
(2.4) |S,,|.P(B,<P(B)V,<_I_. 

Combining (Q and ([23D, we have (Q. D 

Lemma 2.4. Zet {J-'„}n>o ^e regular, J'q = {0,^2}, p G [1, oo) and : 
(0,1] — )■ (0, oo). Assume that satisfies the doubling condition and fll.Sp . 
For a sequence 

Po 3 Pi D ■ ■ ■ D P„, D ■ ■ • , P„ G v4(J'„), 

fo=XBo, Uk = (l){P{Bk)) ( p,^]^ XB^ - XBfe-i 

and /et 

n 
(2.5) /n = /0 + 5^Mfc. 

fc=l 

8 



Then {fn)n>o is a martingale and C^ ^-bounded. The sum f = fQ + YlT=i '^k 
converges a.s. and in Lp, and Enf = fn for n > 0. Moreover, there exist 
positive constants Ci and C2, independent of the sequence of atoms, such 
that 



(2.6) 



., <Ci and l/sj > C20*(P(5„)), n > 0. 



Proof. Since En[uk\ = for A; > n, (/n)n>o is a martingale. We show- 
that the sum /o + Yl'k'=i '^k converges in Lp. If hm^-^oo P{Bk) > then 
the convergence is clear because there exists m such that B^ = Bn for all 



n > m. We assume that limfc^oo-P(-Bfc) = 0. By Lemma [2. ![ we can take a 
sequence of integers = k^ < ki < ■ ■ ■ < kj < ■ ■ ■ that satisfies 



(2.7) 
and i?fc 



j-i 



(1 + l/i?)P(5,J < PiBk^_,) < RPiBk^), 
Bk if kj_i < k < kj. In this case we can write 

fn = XBo+ Yl <^(^(^fc.)) ( p/r'n^ Xb,., - Xb,,_, ) 



Note that, by Remark 11.11 and [8i Lemma 7.1], the doubling condition and 
(II. 5p implies 



(2.8) 



/ 0(t)t^/P-i dt < Cp0(r)r^/P for all r G (0, 1]. 
Jo 



Using the doubling condition and (12. Sp . we have 

ki>n 



(2.9) 



PiB, 



'X^k^ XBf 



J-1 



< J2 <P{P{BkMR\\xB,^ \K + WxB,^^, \\C 



< 



2Rj2HP{Bk,))P{Bk,y/' 



Iv 



kj>n 



<cV / ' <p{t)t^/p-^ dt 

k,>nJPiBk^) 
rP(Bn) 

<c (p{t)t^/p-^ dt 

Jo 
< CCp(f){P{B.,))P{B.,y/P. 



We can deduce from (12.91) that f = fo -\- YlT=i '^'^ converges in Lp. By the 
martingale convergence theorem, /o + YlT=i ""^ ^^^^ converges almost surely. 
Moreover, we have Enf = fn and 

(2.10) [j^)!^ If-EJTdP^ ' <CCp<PiP{Br.)). 
For B' G A{J^n), we have 

if -Enf (B' = Bn) 

(2.11) {f-EJ)xB'={' ^ ' 

[O {B'^B„). 

Combining (I2.10p and (12. lip , we have ||/||£ , < C where C is a positive 
constant independent of the sequence of atoms. Moreover, since Bq = Q, 

\Ef\ = \fo\ = l. 

Therefore, ||/|Lii < Ci where Ci is a positive constant independent of the 
sequence of atoms. 

We now show Ifsnl ^ C24>*{P{Bn))- On the atom i?„, we have 



Therefore, we have 

1 



1/ 



Bn 



fndP 



P[Bn) JB„ 
l<kj<n 

= 1+ r t^dt = UP{Bn)) 

That is, |/b„| > C20*(P(-Bn)) where C2 is a positive constant independent 
of the sequence of atoms. D 

Remark 2.1. From the proof on Lemma [2.41 we see that, for 

00 n 

(2.12) h = Yuk, ho = 0, K = J2^k{n>l), 

k=l k=l 

10 



h is in Cp^^ and {hn)n>o is its corresponding martingale with hn = Enh 

{n > 0). 

Remark 2.2. Let (fi, J-", P) be as follows: 

n = [0, 1), A(j:„) = {/„,, = [j2-", (j + 1)2-") : J = 0, 1, ■ ■ ■ , 2" - 1} 
J-'n = cr(y4(J>i)), J^ = cr(U„J-'„), P = the Lebesgue measure. 

If 0(r) = l/log(e/r), then h in (12.1 2p is unbounded. Actually, 

''^=l + Hog2^^^^^~^^-^^' 



^ = Er-^ onP„,\5n.i. 



and 

n 

^^ 1 + A;log2 
fc=i ^ 

Remark 2.3. If P : C — t- C is Lipschitz continuous, that is, 

\F{zi) - F{Z2)\ < C\Zi - Z2\, zuZ2eC, 

then, for B E J^n, 

[ \F{f) - E4F{f)]\dP <2C [ \f- EJ\ dP. 

J B J B 

Actually, 

'|P(/)-P„[P(/)]|rfP 



B 

< f \F{f)-F{EJ)\dP+ f \F{E^f)-E4F{f)]\dP 

J B J B 

= [ \F{f)-F{EJ)\dP+ [ \E^[F{EJ)-FU)]\dP 

J B J B 

<2 f \F{f)-F{EJ)\dP 
Jb 

<2C f \f-EJ\dP 
Jb 

Lemma 2.5. Let p G [1, oo) and (p : (0, 1] — t- (0, oo). Suppose that f G £p,<; 

and g G Loo ■ Then fg G Cp^^ if and only if 

(2.13) F(f,g) = sup sup J'^^ ,, I ^^ / \g - E^gl^ dp] < oo. 

In this case, 

(2.14) |W,^)-1I/^1|£„J<21|/|U,,J|^|U^. 



11 



Proof. Let / G £p,0 and g G Loo- Let B G A(J>i). Since i?„/ = /b on 5, 
we can use the same method as in [6i Lemma 3.5] and we have 

(2.15) 

< 2 (-p^ y|^ |(/ - EJ)g\^dP^ ' < 20(P(5))||/|U^,J|^1U^. 



Therefore, fg G £p,0 if and only if F{f, g) < oo. In this case, we can deduce 
(KWf from fl2J[5|) . D 

Lemma 2.6. Let {J-'„}n>o be regular, J^q = {0,fi}, p G [l,oo) anc? : 
(0, 1] — )■ (0, oo). Assume thatrcjyirY is almost increasing. If g G PWM(£p .), 
t/ien g G Loo o't-o^ IIs'IUoo ^ C'lkllop /or some positive constant C indepen- 
dent of g. 

Proof. Let g G PWM(£p^). Since the constant function 1 is in Cz^-, the 
pointwise multiphcation g = g ■ 1 is m. C ,^ which imphes g E Li. Then 

^[|(7|] <^[|(7-^(7|] + 1^(71 <max(l,0(l))||(7||^^ < |k||op||l||^^ = Mop. 

p,<p pA 

Since {J-'n}n>o is regular, we also have Eng G Loo as follows: 

En[\gW < REn-iM] <■■■< R^E,[\g\] = R^E[\g\]. 

Next we shall show that there exists a positive constant C such that 
IIS'lUoo ^ C*||(7||op- Then we have the conclusion. Let B G A(J-'„) such that 
Igsl > WEngllL^f^. By Lemma Em there exists B' G A(J'„/) with B C B' 
such that (1 + 1/R)P{B) < P{B') < RP{B). Then, we have 

IkllopllXsLn > I^XbLh 

v,<t> P,'t> 



> 



1 / 1 /• \Vp 



^JjgXB-E^,[gXBWdP 



> 



<P{P{B')) \P{B 



7^77 / |^XB-^n'[^XB]rc?P ) 

l-D ) Jb'\b / 



\- [ \E^,[[E^g]xB]r dp) \ 
-D ) Jb'\b J 



0(P(P')) V^(^ 
12 



Since \[Eng\xB\ = \9bXb\ > \\Eng\\L^XB/2, we have 
Hence, we have 

Hz? ^11 

(2.16) ll^llopllXi.114^ > 2R{R + iy/v^{P{B')y 

Combining fl2.16p and Lemma [2 .Sj we have 

\\E^g\\L^<2R{R + lY'^<P{P{B'))\\g\\o,\\xB 






< 11.11 '^(^(^'^^ 
^ \\9\\op 



\9\\op 



<P{P{B)) 

P^Bf/p P{B'fl'P<i){P{B')) 

P{B'y/p P{By/P(f){P{B)) 



^ Ikllop- 



Therefore, 



I^IUoo = sup \\Eng\\L^ < C\\g\\op. 

n>0 



This shows the conclusion. D 



3 Proof of Theorem 11.1 

We first show that 

(3.1) £,,^/^,nLooCPWM(4^) and ||^||op < C(||^|U^,^/^^ + ||^|U^). 

Let g E iC,p,4>/<f,, H L^o and f E C^,. Let F{f,g) be as in Lemma [2751 Then, 
by the definition oi F{f,g) and Lemma [2.21 we have 

W,^)<C||/||^. II^IU^,,,,, <oo. 

Therefore, by Lemma [2751 we have fg E Cp^ and 



(3.2) WfgWc^^^ < C||/||^, JI^IU^,,^,^ + 2\\f\\c^J\g\\L^. 
On the other hand, we have 

(3.3) \E[fg]\ < \\g\\L^E[\f\] < ||^|U^max(l,0(l))||/||^, 

p,<i> 

13 



Combining (13. 2p and fl3.3p . we obtain (13. ip . 
We now show the converse, that is, 

(3.4) PWM(4^)c£p,^/^.nLoo and ||^|U,,,/,, + ||^||l^ < C||^||op. 

Let g G PWM(£p^^). By Lemma [2^ we have g G Loo and HsfUL^ < C||(7||op- 
Let B e A{J^n)- We take Bj e A^J'j) with Bn = B such that 

BoD BiD ---D BnD ■■■ . 

Let / be the function described in Lemma l274l Then, combining Lemma |2T 
and Lemma [2. 5 [ we have 



<PiP{B)) 
< 



(^-^ I \g-Eng?dp\ 



^){:^)b-'^'\'''T 



<F{f,g) 

<\\fg\\c„, + 2\\g\\L^ 

< ll^llopll/IU^ +2C\\g\\o4fK„ 

p,4> 

<\\9\\op\\f\\c^<C4g\\op. 
Therefore, we have (13. 4p . 



4 Proof of Theorem 11.4 



To prove Theorem 11.41 we use the following proposition. It can be shown by 
the same way as 19, Proposition 2.2] which deals with the case 0(r) = r^, 
X G (— C)0, oo). 

Proposition 4.1. Let 1 < p < oo and cj) : (0, 1] — t- (0, oo). Let f E Li and 
{fn)n>o be its corresponding martingale with fn = E^f {n>{]). 

(i) If f e Cp^^, then {fn)n>o is Cp^^-bounded and 

WfWcp,^ >sup||/„||£^_^. 

n>0 

Conversely, if {fn)n>o is Cp^^-hounded, then f G £p,0 and 

c^,^ <sup||/„||£ 

n>0 

14 



(ii) If f e £p_^, then (/„)„>o is Cl^^-bounded and 



c^ > sup II /„ 11^1, . 

P'"^ n>0 P'"* 



Conversely, if {fn)n>o is Cp ^-bounded, then f E C , and 

WfWc^ <sup||/„||^s . 

Remark 4.1. In general, for / G £p,,nLi,o (res. / G 4,,), its corresponding 
martingale {fn)n>o with /„ = Enf does not always converge to / in £p<^ 
(res. jCp^). See Remark 3.7 in |9j for the case 0(r) = r^. 



Proof of Theorem\L^ Let g G PWM(£j,^) and / G >Cj,^(j;). Then, using 



Proposition 14. 1^ we have 

ll^nM/ll^ft = ||^„|^/]||^a < ll^/ll^h < ll^llopll./ ||£« 

p,4> p^<P p,4> p,(p 

Therefore, we have E^g G PWM(£j,,^(j;)). 

Conversely, assume that Eng G PWM(£p^(J>i)) and sup„>Q HE'n^'llop < 
cxD. Then, using Proposition 14. II and Theorem ll.il we have 



II^IUp H^, + ll^ll^- - ^^P ll^"^IUp ^M. + sup IlK^IUoo ^ sup Ij^n^ljop < OO. 

n>0 n>0 n>0 

Using Theorem 11.11 again, we have g G PWM(£p^^). D 
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